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This chapter is concerned with identifying the relationship between the roots of quadratic, cubic and quartic polynomials.

Roots of a quadratic equation

A quadratic equation could have 2 real roots, or 2 complex roots.

= |f @ and B are roots of the equation ax? + bx + ¢ = 0, then:

= a+B=—9

. a
= aﬁ=;

Roots of a cubic equation
A cubic equation could have 3 real roots or 1 real root and 2 complex roots.

* Ifa, B and y are roots of the equation ax® + bx? + cx + d = 0, then:

= a+B+y=—§

= aﬁ+ﬁy+ya:§
d

= afy=—-

Roots of a quartic equation
A quartic equation could have 4 real roots, 4 complex roots or 2 real and 2 complex roots.

* If a. B,y and & are roots of the equation ax* + bx® + cx? + dx + e = 0, then:

Expressions relating to the roots of a polynomial

= a+[s’+y+5=—§

Uy U

apys ="

af+ay+ad+py+pS+yd =
aﬁy+aﬁ6+ay6+[3y6=—s
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Example 1: The roots of a quadratic equation ax? + bx + c =0 area = % and

L= %_l Find integer values for a, b and
. b
Usinga+ f = -

Simplifying:
Using aff = i

Simplifying:

Rewriting the quadratic with b = a

1
andc =-a:
2

Dividing through by a:
Multiplying by 2 to ensure that the
constant is an integer:

C.

.1 .
msa=c

1
ax2+ax+5a=0
gx42=0
X txts=

2x242x+1=0
a=2b=2,c=1

Example 2: The equation mx? + 4x + 4m = 0 has roots of the form k and 2k. Find the
values of m and k.

. _ b, 4
Usinga + B = ——: a+B=k+2k=3k=—E
Simplifying: . — _i

LY

; — . 4m
Using aff o af = (k)(2k) = 2k? = el 4
Simplifying and solving for k: k=2

Sok = +v2
We have two sets of solutions because k 4 232
has t ible values, Usem = -t | 1f K=V2m=——Z=-—=
as two possible values. Usem = ——-to 3v2 \/_3
find the corresponding value of m in each 4 2v2
P g Ifk:—\/f,m:—:—
case. 3v2 3

You can use the following abbreviations
to simplify things:

d

Ta=-2,%ap=%,Tapy =%

a

You can use the following rules to quickly find the values of some expressions concerning the roots of a polynomial:

=  Reciprocals:

Quadratic:

Cubic:

Quartic:

1. 1_atp
= 2 BT ap
‘; 11; }1' 1 aﬁ;; ByS+yda+sap
11,1, 1_ apy+pydtydatéap
= a+B+y+6 pr

=  Products of powers:

Quadratic:
Cubic:

Quartic:

=  Rules for sums of squares:
= a’+p%=(a+pB)?*-2ap
= a*+p*+y’=(a+B+7)*-2(ap + Py +ya)

Quadratic:

Cubic:

Quartic:

= a"xp" = (ap)"
= a*xp"xy" = (apy)"

= a'xX B xy*x & = (afyd)"

Example 3: @, § and y are roots of the cubic equation 7x® — 4x? — x + 6 = 0. Find

the values of:
@a+p+y (b) aBy

Usinga+ﬁ+y=—ﬁ'

o
) d
Using afy = -7

Using af = Z

a

Using the reciprocal result for cubics:

Using aff + By + ya = <,

a

Substituting back into the reciprocal
result:

(c) a®p3y? A5+ +7
-4 4
atfry=-—=5
6
aﬁy=—§

@By = @) = (-3)

216
T 343

1 1 1 af+pBy+
1,1 1 _ab+pyr+ya
a By a?

af +py tya=--

1
.1+1+1_—7_1
“a'By _676

7

You may decide not to remember these results since they are quite easy to prove; in
each case you simply need to combine the fractions to achieve the RHS.

—

In general, you can remember

that Y a2 = (L a)’ — 2(Z aB)

=> a2+ B2+y*+8 =(a+B+y+8)?*—2(af+ay+ad+ By +BS+YS)

= Rules for sums of cubes:

Quadratic:

Cubic:

= a+p3=(a+p)>-3aB(a+p)

Linear transformations of roots
Given a polynomial (up to the fourth degree), you need to be able to find the equation of a second polynomial whose roots are a linear transformation of
the roots of the first.

Example 4: The roots of the equation x* + 2x> —x + 3 =0 are a, 5,y and §.
(a) Write down the values of Y @, Y a8, Y. aBy and Y, aByé.
(b) Hence find the values of:

Mg +p+ s (e +p2+y?+67 (i) (@ + DE+DF+DE +1)

UsingZa=a+B+y+5=—§: a+tp+y+b=0

UsingZaﬁzi aB+ay+a5+ﬁy+B§-2|-y6
= 1:2
Zaﬁy:aﬁy+aﬁ5+ay5+ﬂy6

-1
=——=1

3
Zaﬁyz?: afys =1= 3
_aBy + Bys +yda + daf 1 1 1 1 Yapy 1

Using Y afBy = —S

Using aByé = i

1 1 1 1
A AR aBys

a Bty T ape T 3

Usinga?+ B> +y2+62 = (a+ B+ = a?+p2+y?+62
2 _ 2
E;fid) 2(af+ ay + as + By + Z(ZO‘) —Z(Zaﬁ)

= (0?2 =-4

= Ifapolynomial f(x) = ax*+ bx3 + cx? + dx + e has roots a, 5,y and § then the polynomial with roots ga + h,gB + h, gy + hand g6 + h,

where g and h are real co

nstants, is given by f (WT_h)

The same logic follows if the polynomial is cubic or quadratic.

You won’t need to know the

result for a quartic polynomial.
= a+p3+y =(a+B+y):-3(a+B+y)(aB+ By +ya)+3afy ——l
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Example 5: The quartic equation 2x* + 4x3 — 5x2 4+ 2x — 1 = 0 has roots @, 8,y and §. Find equations with integer coefficients that have roots:
(i) (@ = 1), B-1), (¥ —1) and (§ - 1).

RO REOREE

1 1 5
S—wi+-wi—-——-w?2+w—-1=0

(i) 2a),(2B),(2y) and (26).

= 0 then the new f (K) =2 (KY + 4(

(i) If f(x) = 2x*+ 4x® = 5x* 4+ 2x — 1
2

equation will be given byf( )
Simplifying:

Multiplying by 8 to ensure all coefficients are integers:

(ii) If £(x) = 2x* + 4x% — 5x*+ 2x — 1 = 0 then the new

equation will be given by f(w + 1).
Expanding brackets then simplifying:

2 2

8 2

S2wr+Aawd + 6w+ 4w + 1) + 4w + 3w+ 3w+ 1) 5w +2w+ D) +2w+2-1=0
=2w*+ 12w + 19w? + 12w +2 =0

Swt+4awd —10w?+8w—-8=0

fw+D=2w+D*+4w+1)°*-5w+1D*+2w+1)—-1=0
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